Let k be any imaginary abelian field with conductor not exceeding 100, where an abelian field means a finite abelian extension over the rational field Q contained in the complex field. Let C(k) denote the ideal class group of k , C~(k) the kernel of the norm map from C(k) to the ideal class group of the maximal real subfield of k , and f(k) the conductor of k ; f(k) < 100 .
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In the last section of the paper, for any imaginary abelian field k in the difference set ¿F\{K71 , K73, K73,24, K79, K79j26, K83, K89, K97, K97,32},
we shall see that C(k) is a cyclic group if and only if C~(k) is a cyclic group. We define il to be the SH-module generated in Q[G] by s(G), s(Tp)(l -sg), s(Tq)(l -sp), and (1 -sp)(l -sq). It follows that il as well as 91 is a lattice of the Q-algebra (1 +j)Q[G] (cf. § §1,2 of [14] ), so that £Rnil is also a lattice of ( 1 + j)Q [G] . On the other hand, j does not belong to Tp but belongs to Tq , and from the assumption we see that G coincides with the decomposition group of q for K+L/Q and that the degree of q for K+L/Q equals [K+ : Q].
Therefore, by Theorem 5.1 of [14] , the generalized index (9t : il), i.e., the ratio of the group index [ÍR : ÍR n il] to the group index [il : 9\ n il] is equal to 2X+S :
Now, for each abelian field k , let E(k) denote the unit group of k and E*(k) the group of totally positive elements of k in E(k Therefore the assertion I is proved.
-, ¿-
The main purpose of the present section is to prove that Furthermore, since (1 -fg5)(l -C¿54a)C?3 and (1 -Cf3)(l -Ci3)_1Cff-6 are real for each a £ N, Cir(K13(\/5)) is the direct product of Cir+(K13(%/5)) and the cyclic group (Ç13). Thus we know that a set of generators for Cir+(Ki3(\/5)) consists of -1, (1 + C5)(1 + C5"1) = ((l+v/5)/2)2,andthe 17 units e. , ... , e17
of K+,(yß) defined by
Let f , ... , fX2 be the elements of Gal(K65/Q) such that and x2 + X3 + x8 + X10 + x18, respectively. We therefore see that Cir*(Kt3(\/5)) is generated by
-e2e3e8eio}. This fact follows also from C(K5K+3) £ (Z/2Z)4 . Now let <y = -(Ci3 + cr3')(cf3 + cr3 ) -1, so that weK|3i3, co3 + 2co2 -3co -5 = 0.
Let a be a generator of the cyclic group Gal(Ki3 3/Q). As the prime 5 is completely decomposed in Ki3)3, the principal ideals (to), (of), (of ) are the three distinct prime ideals dividing 5. By co + 1 £ £(Ki3i3) and to = (co + l)-2 (mod 4), the prime ideals of Ki33 dividing 2 are unramified in Ki3i3(N/w, \ftif).
On the other hand, L65 i2 is a quartic extension over Ki3_3 in which (to) and (coa) are fully ramified. Hence ~L(,$,\2(\fto~, \fco~°) is unramified over Lé5,12 • We also see from the relations toto" + co°coal + of1 co = -3, coufvf =5
that each of y/co, \fo~f, \fco~of is neither totally real nor totally imaginary. We further know from the results of [1, 11, 12] that, except K^, , the maximal real subfield of each of these fields has class number 1. We keep such datum and the next trivial lemma in mind throughout the rest of the paper.
Lemma (cf. Lemma 7 of [15]
). Let F/k be an extension of imaginary abelian fields and let p be a prime number. Let Sp denote the Sylow p-subgroup of
C~(F), Sk the Sylow p-subgroup of C~ (k), I the natural map C(k) -* C(F), and v the norm map C(F) -► C(k). Assume that p does not divide [F : k].
Then I induces an infective homomorphism Sk -* Sf-, v induces a surjective homomorphism Sp -* Sk , and SF = I(Sk) x (Ker v n SF).
As stated in [9, 10] and justified in [7] , etc., (4) C(K+9(V-3))^ ={1}.
Let i be the natural map from C(Ki9)3(i/^3)) = C~(K19j3(\/^3)) to C(K+9(y/=3)) and N the norm map from 'C(K+9(/^3)) to C(Kl9^(V^3)). As the prime ideals of Ki93(v/-3) dividing 19 are ramified in Kf9(\/-3), Proposition 1 of [8] implies that i is injective and class field theory shows that N is surjective. However, by (4), i(N(c)) = cx+y+y2 = c3+1>1(X-y)1 = c3 for any c £ C(Y+9(\T1>)).
Therefore we find from h(Ki9ti(V-î)) = 3 that
Since K57 is a quadratic extension over K+9(\f-3) with (relative) class number 9, we then have C(K57) = C-(K57)SZ/9Z, which is a result of [15] (for a general argument, cf. Lemma 4 or 6 of [15] ). Note that one conversely obtains (5) from this result without difficulty. It is also easy to see that C-(K6o,4) = C(K6o,4)S(Z/2Z)2.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use is an unramified quadratic extension over K68j4. We then see from //K17,4 = //Kô8,4 that HKXj,4 is an unramified quartic abelian extension over Ké8;4 . However,
Thus Gal(^K17i4/K68i4) £ (Z/2Z)2. Since A-(K68,4) = 4, it follows that
We can similarly obtain, by /z~(K68,8) = 4,
starting with the fact that //Kn,4 is an abelian quartic extension over K17>4 .
Note that H = Q(yT7, vTTV^T), so that K68i4( v^TTV^T) and K68,8(-\/l + 4\/^T) are the Hubert class fields over K68>4 and Kô8)8, respectively. It is easy to see that C(Q(y/-l7)) = Z/4Z. In virtue of the well-known result C(K68) = C-(K68)^Z/8Z (cf. [3] ), we still easily see that
because h~(Knis(yf-l)) = h~(Kxl,4(1/^1)) = 8 and the prime ideals of Kn,4(\/-T) dividing 17 are totally ramified in K^ .
As already shown in [6] , It is shown in [6] that
In addition to this, the norm map C(K87) -* C(K+9(y/^3)) is surjective since the prime ideal of K+9(y/-3) dividing 29 is ramified in K87. On the other hand, h(Q(V::3, y/29)) = 3, [K+9(y/=3) : Qtv^, \/29)] = 7, and hence, by Theorem 2.14 of [12] , 3dividesboth r2(lQ9(\f^)) and the 2-rank of the factor
by A-(K+9(v/=3)) = 26-3. As
we obtain, again from Theorem 2.14 of [12] ,
Let H' be the Hilbert class field over K29i7(\/-3) • Then H' is a Galois extension over K29,7 and, by the above, Gal(//7K29,7(v/z3)) = (Z/2Z)3. Let T be the inertia group for H' ¡K29j of the prime ideal of K29,7 dividing 3. Clearly, \T\ = 2 and Gal(/P/K29>7)' is a semidirect product of Gal(//7K29,7(v/z3)) by T. The group ring Z[Gal(K2g ,1(\f^1>) IY.2g,-,)] acts on C(K29i7(v/^3)) in the obvious manner. Since A(K29>7) = 1 , we have C(K29,7(v/-3))1+T -{1} , where t is the non-trivial element of Ga^K^^V^VK^?). Thus cT = c~x=c for any c e C(K29i7(\/^3)).
Therefore, by class field theory, H' is abelian over K2917 so that
Gal(//7K29,7) = T x Gal(H'IK2gj(yf^2,)) S (Z/2Z)4.
Furthermore, the prime ideal of K29;7(v/-3) dividing 29 is ramified in K+9(y/^3) and, by genus theory, K29(\/-3) is an unramified quadratic extension over K29j7(\/-87).
Hence H'K+9 is an unramified abelian extension over K29,7(vc87) of degree 24 . On the other hand, from H'K+9 = 7/'K29,7(v/::F7) it follows that Gal(//'K+9/K29,7(v/z87)) = Gal(H'/H' n K^.^v^)) ç Gal(/r/K29,7).
We therefore have
However, A-(K29>7(>/=87)) = 24-3 . Hence C-(K29,7(v/=87)) = C(K29,7(v^87)) S (Z/2Z)4 © (Z/3Z).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let 0=1 + 3/(C7 + C7_1), so that (6) 0eK+, d3 + 362-180-13 = 0, 6>3 = (0+l)2 (mod 4).
Let p be a non-trivial element of Gal(K^/Q). As the prime 13 is decomposed in Kj , the principal ideals (9) 
Since it is known that C(K99) = C"(K99) £ (Z/3Z) © (Z/31Z)2 (cf. [15] ), the assertion II is now completely proved. However, for each k' £ yV, the genus field of k' is a quartic cyclic extension over k'. It therefore follows that C(k') is cyclic for every k' £JV. On the other hand, if k lies in %?\3l and A-(A) is not square-free, then h(k+) = 1, i.e., C(k) = C~(k) (cf. the proof of II). Hence III is proved.
Remark. In virtue of the results of [ 1, 11, 12] , h(k+) equals the genus number of k+ whenever k lies in Sf\3l. Theorem 2 of [11] further implies that, even in the case k £3? , h(k+) equals 1, the genus number of k+ , if the generalized Riemann hypothesis for the Dedekind zeta function of k+ is assumed to be true.
Although we omit the details, the results of [13, 17, 18] , together with those of [1, 2, 8, 11, 12, 15, 16] , enable us to determine the structure of C(k") or C~(k") for several imaginary abelian fields k" outside 2? (cf. [6, 15] ).
